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Let us denote by COILS(v) a (3,2, l)-conjugate orthogonal idempotent Latin square of 
order v, and by ICOILS(v, n) an incomplete COILS(v) missing a sub-COILS(n). A necessary 
condition for the existence of an ICOILS(v, n) is v 2 3n + 1. An ICOILS(u, 1) is equivalent to 
a COILS(v), and the necessary condition for its existence has recently been shown by the 
authors to be sufficient for all v 3 4 with the exception of v = 6 and the possible exception of 
v = 12. Two of the above authors have previously shown that for n > 1, an ICOILS(v, n) exists 
if v = 3n + 1 or v 2 8n + 42. Moreover, it was also shown that, for 2 c n L 6, an ICOILS(v, n) 
exists for all v 2 3n + 1 with some possible exceptions. The main purpose of this paper is 
two-fold. First of all, for 2 c n =Z 6, we substantially reduce the number of possible exceptions 
and show that, in particular, the necessary condition is sufficient for n = 4, 5, and 6 except 
possibly when (v, n) = (30, 5). Secondly, we show that for n 2 1, an ICOILS(v, n) exists for all 
v 3 (13/4)n + 88, which gives a general bound much closer to the necessary condition. 
1. Introduction 
For the formal definition of a Latin square and the notion of conjugate of a 
Latin square, the reader may refer to previous papers of the authors [l, 31 or to 
[8]. A Latin square which is orthogonal to its (i, j, k)-conjugate will be called 
(i, i, k)- con u a e i g t orthogonal, where {i, j, k} = (1, 2, 3). A (2,1,3)-conjugate 
orthogonal Latin square is usually called self-orthogonal, and it is fairly 
well-known that such squares exist for all orders v f 2,3, or 6. It is now known 
(see [1,3]) that a (3,2,1) (or (1,3,2))-conjugate orthogonal Latin square of 
order u, denoted briefly by COLS(v), exists for all positive integers u # 2, 6. It is 
known [18] that the existence of a (3,2, l)-COLS(v) is equivalent to the existence 
of a (1,3,2)-COLS(v). Moreover, a (3,2,1) (or (1,3,2))-conjugate orthogonal 
idempotent Latin square of order u, briefly COILS(v), exists for all positive 
integers v # 2, 3, 6 with the possible exception of v = 12 (see [l, 31). 
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A pair of incomplete orthogonal Latin squares of order v missing a common 
subsquare of order n and each based on the set S U T, where S = (1, 2, . . . , v - 
n} and T={v-n+l,..., v}, is a pair of order t_~ Latin arrays which are 
orthogonal as Latin squares except for a common n x n subsquare which gives 
rise to the loss of all ordered pairs from T x T. An incomplete Latin square (aij) 
based on the set S U T will be called idempotent provided that aii = i for all i, 
16 i s v - n. An incomplete idempotent Latin square which is orthogonal to its 
(i, i, k)- con u a e j g t will be called an incomplete (i, j, k)-conjugate orthogonal 
idempotent Latin square, briefly (i, j, k)-ICOILS. In this paper we shall focus our 
attention on incomplete (3,2,1)-conjugate orthogonal idempotent Latin squares 
of order v missing subsquares of order n, briefly ICOILS(v, n). For a more 
detailed description and results on incomplete orthogonal Latin squares, the 
interested reader may refer to [5,12-15,17,24-261. 
A necessary condition for the existence of an ICOILS(v, n) is v 2 3n + 1. In [5] 
it was shown that for all n 2 1, an ICOILS(v, n) exists if v = 3n + 1 or 
v 3%~ + 42. Moreover, for 2sn ~6 it was also shown that an ICOILS(u, n) 
exists if v 3 3n + 1 with some possible exceptions. The main objective of this 
paper is two-fold. First of all, we shall remove most of the possible exceptions 
listed in the earlier paper [5] and secondly, we shall obtain a general bound which 
is very much closer to the necessary condition v 2 3n + 1. In particular, we shall 
prove that for all n 2 1, an ICOILS(v, n) exists for all v 2 (13/4)n + 88. We also 
show that, for 2 G n < 6, an ICOILS(v, n) exists if v 2 3n + 1 except possibly 
when (v, n) = (30,5) and when 
n = 2, v E (11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 23}, 
n = 3, v E { 11, 18, 20, 21, 24, 25, 26, 28, 29, 30). 
Before proceeding, we would like to mention that an ICOILS(v, 1) is equivalent 
to a COILS(v) and a recent result of the authors [3] guarantees its existence for 
all v 2 4 except v = 6 and the possible exception of v = 12. 
2. Preliminaries 
We shall use both direct and recursive methods of construction to obtain our 
main results. In particular, for small values of v and n, we shall rely on the 
“starter-adder” technique to construct ICOILS(v, n). This technique has been 
used quite extensively (see, for example [3-5,11,14,15]) and we shall give a 
brief description of the scheme involved in what follows. 
Let S = (0, 1, . . . , v-n-l}UX, where X=(x1,x2 ,..., x,}. For a Latin 
square L of order v based on the v-set S, we shall denote by eL(i, j) the entry in 
the cell (i, j) of the array. Note that an incomplete Latin square L of order v 
based on S and missing a subsquare of order n based on X is idempotent provided 
that e,(i, i) = i for all i, 0 s i c v - n - 1. We shall denote by ICOILS(v, n) an 
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incomplete (3,2,1)-conjugate orthogonal idempotent Latin square of order v 
based on S and missing a subsquare of order IZ based on X. In this paper the 
ICOILS(v, n) L will be generated cyclically from its first row, given by the 
vectors e and f, and the last IZ elements of its first column, given by the vector g, 
where 
e = (eL(O, 0), . . . , e,(O, v - n - 1)) 
f = (eL(O, v - n), . . . , eL(O, 21 - 1)) 
g = (eL(u - II, 0), . . . , eL(u - 1,0)) 
The ICOILS(v, n) is constructed modulo v - n in the range (0, 1, . . . , u - n - 
l}, where the xi’s act as “infinity” elements as follows: 
(a) e& + 1, t + 1) = e&, t) if e&s, t) = xi, and 
eL(s + 1, t + 1) = e&, t) + l(mod v - n) otherwise, where 
O=Zs,t<v-tr-1. 
(b) eL(s + 1, u - tr - 1 + t) = e,(s, u - n - 1 + t) + l(mod u -n), where 
l==t~n,O~s<v--n-l. 
(c) eL(v - 12 - 1 + t, s + 1) = eL(u - n - 1 + t, s) + 1 (mod v - n), where 
l=Zt~n,O~s~v-n-l. 
It is evident that there are necessary conditions which the vectors e, f and g 
must satisfy to produce an ICOILS(v, n) (see, for example, [5]), and this is the 
major task in our constructions. However, we shall confine ourselves to 
presenting the vectors, and the actual verification that they work will be fairly 
straightforward. 
As in [5], our recursive method of construction will involve the concept of 
pairwise balanced designs (PBDs) and other related designs. For the convenience 
of the reader, we shall provide some definitions. We shall adapt the notations 
used in [5]. For more details on PBDs and related designs, we refer the interested 
reader to [6,10,22]. 
Let K be a set of positive integers. A pairwise balanced design (PBD) of index 
unity B(K, 1; V) is a pair (X, Et) where X is a v-set (of points) and I3 is a 
collection of subsets of X (called blocks) with sizes in K such that every pair of 
distinct points of X is contained in exactly one block of B. The number 1x1 = v is 
called the order of the PBD. 
Let K and M be sets of positive integers. A group divisible design (GDD) 
GD(K, 1, M; V) is a triple (X, G, El) where 
(i) X is a v-set (of points) 
(ii) G is a collection of non-empty subsets of X (called groups) with sizes in M 
and which partition X, 
(iii) B is a collection of subsets of X (called blocks) each with size at least two 
in K, 
(iv) no block meets a group in more than one point, and 
(v) each pairset {x, y} of points not contained in a group is contained in 
exactly one block. 
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We shall use the notation B(k, 1; V) for B({k}, 1; V) and similarly GD(k, 1, m; v) 
for GD({k}, 1, {m}; v). If k 4 K, then B(K U {k*}, 1; v) denotes a PBD B(K U 
{k}, 1; V) which contains a unique block of size k; and if k E K, then 
B(K U {k*}, 1; V) d enotes a PBD B(K, 1; V) containing at least one block of size 
k. For convenience, we denote by B(k,, kz, . . . , k,) the set of all positive 
integers u such that there is a PBD B({k,, kz, . . . , k,}, 1; v). 
A transversal design (TD) T(k, 1; m) is a GDD GD(k, 1, m; km) where each 
block is a transversal of the collection of groups. 
A set of blocks (in a PBD or GDD) that partitions the point set is called a 
parallel class of the design. A PBD (X, B) is called resolvable if the blocks of B 
can be partitioned into parallel classes. 
We shall make use of the well-known fact that the existence of a resolvable 
TD RT(k, 1; m) is equivalent to the existence of T(k + 1, 1; m) or k - 1 mutually 
orthogonal Latin squares (MOLS) of order m. The following three results can be 
found in [7, 10,211. 
Theorem 2.1. For every prime power q, there exists a T(q + 1, 1; q). 
Theorem 2.2. Let m =~:IE)$~. * *p: be the factorization of m into powers of 
distinct primes pi, then a T(k, 1; m) exists where k = 1 + min{pp: 1 c i < r}. 
Theorem 2.3. There exists a T(5, 1; m) for all positive integers m with the 
exception of m = 2, 3, 6, and possibly excepting m = 10. 
As we did in [5], we shall make use of the following two basic lemmas. 
Lemma 2.4. Zf there exists a PBD B(K U {n*}, 1; v) and there is a COILS(k) for 
every k E K, then there is an ZCOZLS(v, n). 
Lemma 2.5. Suppose (X, B) is a PBD B(K, 1; v) admitting f partitions of X into 
disjoint blocks so that all the blocks in the partitions are distinct. Let the blocks of 
the ith partition be Bil, Bi2, . . . , Bik,, 1 s i G t. For every i, 1 c i c t, suppose that 
there is an integer ni such that an ZCOZLS(IB,( + ni, ni) exists for every j, 
1 <j c ki. Let B- be the collection of blocks not belonging to any partition. 
Suppose there is a COILS(m) f or any block in B- with size m. Then there is an 
ZCOZLS(v + n, n), where n=n,+n,+*.*+n,. Moreover, if there is a 
COILS(n), then there is an ZCOZLS(v + n, m) for any size m block in El-. 
In the following two lemmas, we utilize the technique of adjoining a set of 
“infinite” points to a TD or truncated TD. 
Lemma 2.6. Suppose there exists a T(k + 1, 1; m) and 0 < u sm. Suppose the 
following exist: COILS(k), COZLS(k + l), ZCOZLS(m + 1,2) and ZCOZLS(u + 
1, 2). Then there exists an ZCOZLS(km + u + 1, k + 2). 
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Proof. Let (X, G,lE8) be the GD({k, k + l}, 1, {m, u}; km + u) obtained by 
deleting m - u points from a particular group of the T(k + 1, 1; m). Let G = {G,, 
G2,. . . , Gc, W, where ]G,l = m and ]HI = u. Now we shall adjoin a new point, 
say to, to the GDD and form an ICOILS(km + u + 1, k + 2) based on X U (~4) as 
follows: First of all, we select a block of size k + 1 from the GDD, say 
B = {b,, b2,. . . , bk+l}, where B II Gi = {bj} and B rl H = {bk+l}. This is pos- 
sible as u > 0. We then perform the following: 
(1) form COILS(k) or COILS(k + 1) on the blocks of El - {B}, 
(2) for i = 1, 2, . . . , k, we form an ICOILS(m + 1, 2) based on Gi U {m} 
missing a subsquare based on { bi, M}, 
(3) we form an ICOILS(u + 1, 2) based on H U (03) missing a subsquare based 
on {bk+l, m}, and finally 
(4) we discard the block B to obtain an ICOILS(km + u + 1, k + 2) based on 
X U {w} and missing a subsquare based on {b,, bz, . . . , bk+l, m}. q 
Lemma 2.7. Suppose there exists a resolvable TD RT(k, 1; m) and 0 s t < m. For 
i = 1,2, . . . , t, suppose there exist ICOILS(k + nir n,), where n, + n2 + * - * + n, = 
n - 1. Further suppose the following exist: COILS(k), COILS(n) and 
ZCOZLS(m + 1, 2). Then there exists an ZCOZLS(km + n, k + 1). 
Proof. The proof of this lemma combines the constructions in Lemmas 2.5 and 
2.6. In the RT(k, 1; m) we have m parallel classes of the TD, and using these and 
the fact that ICOILS(k + ni, ni) exist for i = 1, 2, . . . , t, we may adjoin to the TD 
a set of n - 1 “infinite” points, say ml, w2, . . . , w,-~. Next, from one of the 
remaining m -t parallel classes we select a block (of size k), say B = 
(61, bz, . . . , bk}, and adjoin an additional “infinite” point 00, using the con- 
struction of Lemma 2.6 and the fact that we can construct COILS(k) on the 
remaining blocks of size k, a COILS(n) based on {a,, m2, . . . , mn-,, m}, and 
ICOILS(m + 1, 2) using the groups of size m. This gives us an ICOILS(km + 
n, k + 1) missing a subsquare based on {b, , bZ, . . . , bk, m}. 0 
Before proceeding to the next section, it will be convenient for us to summarize 
some of the known results which will be used later. The results of the first two 
theorems below are contained in [5]. 
Theorem 2.8. For 2 s n < 6, an ZCOZLS(v, n) exists if v 2 3n + 1 with the 
following possible exceptions: 
n = 2, v E (11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 23, 24) 
n = 3, v E (11, 12, 13, 14, 15, 17, 18, 20, 21, 24, 25, 26, 28, 29, 30, 32, 33) 
n = 4, v E (14, 15, 18, 19, 23, 27) 
n = 5, v E (18, 19, 22, 23, 28, 30, 34) 
n = 6, v E (20, 21, 23, 24, 27, 28, 29, 32, 33, 35, 36, 39, 40, 44, 45, 47, 52, 53). 
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Theorem 2.9. For all n a 1, an ICOILS(v, n) exists if v 2 8n + 42. 
We also need the following two theorems which are contained in [3] (see also 
[I, 16,181). 
Theorem 2.10. A (3, 2, 1) (or (1, 3, 2))-COLS( ) v exists for every positive integer 
v22or6. 
Theorem 2.11. A (3, 2, 1) (or (1, 3, 2))-COZLS( ) v exists for every positive integer 
v # 2, 3, 6 with the possible exception of v = 12. 
3. Small subsquares 
In this section we shall remove most of the possible exceptions listed in 
Theorem 2.8. We shall accomplish this in several steps. 
Theorem 3.1. An ,ICOZLS(v, 2) exists for all v 2 7 with the possible exception 
of v E { 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 23). 
Proof. We are able to remove the possible exception (v, n) = (24, 2) from 
Theorem 2.8, by constructing an ICOILS(24,2) as follows. First of all, we 
construct an ICOILS(24,7) using the starter-adder technique with vectors 
e = (0, x1, 6, x2, x3, 2, 11, 8, 15, 12, 9, 7, x4, x5, x6, 10, x7), 
f = (1, 3, 4, 5, 13, 14, 16), and 
g = (15, 11, 9, 10, 8, 6, 2). 
We then fill in the missing subsquare of order 7 with an ICOILS(7,2), which 
exists by Theorem 2.8, to obtain an ICOILS(24,2). 0 
Theorem 3.2. An ICOILS(v, 3) exists for all v 2 10 with the possible exception of 
v E { 11, 18, 20, 21, 24, 25, 26, 28, 29, 30). 
Proof. We shall remove the possible exceptions for n = 3, v E 
(12, 13, 14, 15, 17, 32, 33) from Theorem 2.8. First we construct an 
ICOILS(33,3) using the technique of Lemma 2.5 as follows: we start with an 
RT(5,l; 7) and delete one block to obtain a GD({4,5}, 1, (6); 30) which has one 
parallel class of blocks of size 5. We then adjoin two infinite points to the blocks 
of this parallel class using ICOILS(7,2). We further adjoin an additional infinite 
point to the groups of size 6, and using the fact that a COILS(7) exists, we obtain 
the desired ICOILS(33,3) missing a subsquare based on the three infinite points. 
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Table 1 
7 
(u, n) e f g 
(12,3) (0,5, x1,8, x2,6,4, ~3, 1) (2, 3,7) (6, 8, 3) 
(13,3) (0, x1,3,9, 6, 2, 5, ~2, 1, ~3) (4, 7, 8) (8, 5,4) 
(14,3) (0, 8, 10, 5, ~1, 6, ~2, 1, x3, 4, 2) (7, 3, 9) (9, 10, 4) 
(15,3) (0, x,, xp, 2, 10, 8, 1, 5, x3, 11, 6, 3) (4,7,9) (9, 1,5) 
(17,3) (0, 11,9,5, 10, 317, 6, 13, 12, ~1, 1, ~2, x3) (214, 8) (9, 8, 11) 
For the case u = 32, we first construct an ICOILS(32,lO) using the starter-adder 
technique with vectors 
f.? = (0, xl, 1, x2, 21, x3, 3, x4, 11> x5> 15, 2, 19, x6, 7, x7, 17, x8, 5, x9, 9, -%), 
f = (12, 13, 14, 4, 16, 6, 18, 8, 20, lo), and 
g = (20, 16, 12, 8, 4, 18, 14, 10, 6, 2). 
We then fill in the missing subsquare of size 10 with an ICOILS(10,3), which 
exists by Theorem 2.8, to obtain the desired ICOILS(32,3). For the remaining 
cases, the starter-adder technique is also used, and appropriate vectors are given 
in Table 1. For completeness, we include the ICOILS(14,3) which was given in 
Theorem 3.3. An ZCOZLS(v, 4) exists for all v 3 13. 
Proof. We shall remove all of the possible exceptions from Theorem 2.8 for 
n = 4, namely v = 14, 15, 18, 19, 23, 27. We shall accomplish this by using the 
starter-adder technique in all cases. The cases v = 14, 15 and 18 have already 
been handled in [3], but we include them here for the sake of completeness. The 
appropriate vectors are provided in Table 2. 0 
We shall make use of the following lemma in our construction of an 
ICOILS(28,5). 
Table 2. 
(u, n) e f g 
(14,4) (0, 6, ~1, 5, x2, 9, x3> 3, X4,7) (8,472, 1) (1, 7, 3, 9) 
(15,4) (0, ~1, x2,7,3, 8, 4, 9, ~3, 10, 14) (6, 172, 5) (8,5, 6, 7) 
(18,4) (0, ~1, ~2, 10, 7, 13, 2, x3,6, 4, 9, 12, ~4, 1) (3.8, 11, 5) (11, 5, 4, 6) 
(19,4) (0, 6, 12, 7, 13, x,, 5, ~2, xg, 2, 11, ~4, 4, 9, 1) (3, 8, 10, 14) (3, 12, 6, 13) 
(2374) (0, 3, ~1, xz, 10, 16, 1, 6, 18, 2, 8, xg, 9, 14, (5, 7, 11, 15) (4, 9, 7, 5) 
17, 4, x4, 13, 12) 
(27,4) (0, 20, 6, 17, 1, x,, 9, 19, 13, 22, 21, 12, 14, (2, 5,7, 15) (6, 15, 16, 8) 
11, ~2, 10, x3, 3, ~4, 18,4, 8, 16) 
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Lemma 3.4. There exists a resolvable GDD of order 24 with blocks of size 4 and 
groups of size 3. 
Proof. Take point set X = { 1, 2, . . . , 24). 
Let G = {(1,5,9), (2,6, lo), (3,7, ll), (4,8,12), (13, 17,21), (14,18,22), 
(15,19,23), (16,20,24)}. 
Let B consist of the following 7 parallel classes of blocks: 
(I,% 15,W 
(2,9,23,24) 
(3,8,17,18) 
(4,11,13,14) 
(5,10,19,20) 
(7,12,21,22) 
(1,3,4,20) 
(2,13,15,22) 
(5,7,8,24) 
(6,14,17,19) 
(9,11,12,16) 
(10,18,21,23) 
(1,2,11,18) 
(3,10,13,24) 
(4,6,7,23) 
(5,12,14,15) 
(8,16,19,21) 
(9,17,20,22) 
(1,7,13,19) 
(2,8,14,20) 
(3,9,15,21) 
(4,10,16,22) 
(5,11,17,23) 
(6,12,18,24) 
(L&22,23) (1,14,21,24) 
(2,3,12,19) (2,7,16,17) 
(4,15,17,24) (3,5,6,22) 
(5,13,16,18) (4,9,lS, 19) 
(6,11,20,21) (8,10,11,15) 
(7,9,10,14) (12,13,20,23) 
(l,lO, 12,17) 
(2,4,5,21) 
(3,14,16,23) 
(6,8,9,13) 
(7,15,18,20) 
(11,19,22,24) 
It is readily verified that (X, G, B) is a resolvable GD(4,1,3; 24). 0 
Lemma 3.5. There exists a PBD B((4, 5, 5*}, 1; 28) and hence an 
ZCOZLS(28,5). 
Proof. We may adjoin 4 “infinite” points to the resolvable GD(4,1,3; 24) 
constructed in Lemma 3.4, with one point being adjoined to the groups and the 
remaining three points to three parallel classes of blocks. The conclusion follows 
from Lemma 2.4, using the fact that a COILS(k) exists for k = 4 and 5. 0 
Theorem 3.6. An ZCOZLS(v, 5) exists for all v 2 16 with the possible exception of 
v = 30. 
Proof. We shall remove the possible exceptions for n=5, VE 
(18, 19, 22, 23, 28, 34) from Theorem 2.8. The case v = 28 is already handled in 
Lemma 3.5. For the case v = 34 we shall apply Lemma 2.4 as follows. We start 
with an RT(5,l; 7) and delete one block to form a GD({4,5}, 1, (6); 30) with 
one parallel class of blocks of size 5. To this GDD we adjoin four “infinite” 
points, where two of these points are adjoined to the parallel class of blocks of 
size 5 using ICOILS(7,2), and the other two points are adjoined to the groups 
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Table 3 
(u,n) e f g 
(1875) 
(19,5) 
(22,5) 
(23,s) 
(0,5, x,, 12, ~3, 3, 8,4,2, x4,6, +r 11) (1,7,9, 10, 12) (6, 1, 5,3, 8) 
(0, 3, 7, ~1, 8,2,9, 13, ~2, ~31x4, 12, (1, 1% 6, 4, 5) (lo, 7, 819, 13) 
X5, 11) 
(0, 10, l&7, ~1, 8, 11, ~2, 3,5, 16, x3, (2, 4,6,9, 13) (15, 7, 11, 8, 14) 
x4, x5, 15, 14,l) 
(0, 13, 12, x1, x2,2, x3, 15,x4, x5, 14, (1% 11, 6,7, 8) (5, 6, 17, 13, 16) 
4, 3, 9, 17, 16, 5, 1) 
using ICOILS(8,2). Since we have COILS(k) for k = 4, 5, this construction 
produces an ICOILS(34,5). For the remaining values v = 18, 19, 22 and 23, our 
construction is of the starter-adder type and appropriate vectors are given in 
Table 3. Note that an ICOILS(18,5) was constructed in [3], and we reproduce it 
here for completeness. 0 
Before stating our next theorem, we shall take care of some special cases which 
require Lemmas 2.6 and 2.7. 
Lemma 3.7. An ICOILS(v, 6) exists for v E (32, 35, 36, 39, 40, 44, 45, 
47, 52, 53). 
Proof. For the case v = 32, we take a TD T(5, 1; 7) and delete four points from 
one block to form a GDD GD({4,5}, 1, {6,7}; 31). By utilizing a block of size 5, 
we then adjoin one “infinite” point to the GDD so that we form an 
ICOILS(32,6) from ICOILS(7,2) and ICOILS(8,2), as described in the proof of 
Lemma 2.6. The cases v = 35, 36, 39, 40, 44 and 45 are easily taken care of by 
applying Lemma 2.6 directly with k = 4 and m = 7, 8 or 9 as follows: 
35=4.7+6+1,36=4.7+7+1,39=4.8+6+1, 
40=4.8+7+1,44=4.9+7+1,45=4.9+8+1. 
Note that we require ICOILS(v, 2) for v = 7, 8, 9 and 10, and all of these come 
from Theorem 3.1. Finally, for v = 47, 52 and 53, we apply Lemma 2.7, with 
k = 5 and m = 8 or 9 as follows: 
47=5.8+7, where7=2+2+2+1 
52=5.9+7, where7=2+2+2+1 
53=5*8+13, where 13=2+2+2+2+2+2+1. 
Note that we require ICOILS(7,2) for the parallel classes of blocks of size 5 and 
ICOILS(v, 2) where v = 9 and 10 for the groups. We also require COILS(n) for 
n = 7 and 13, which exist by Theorem 2.11. This completes the proof of the 
lemma. 0 
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Table 4 
(u, n) e f g 
(2036) 
(21,6) 
(23,6) 
(24,6) 
(27,6) 
(28,6) 
(29,6) 
(33,6) 
(0, Xl, 13, X2,3, X3,7,2, 11, x4, 
1, x5,5, xs) 
(0, ~1, 6, ~2, ~3, 8, 5, 2, 13, 10, 7, 
x4, x5,9, +.) 
(0, xl, *a, ~3, 2,4, 13, 11, 14,6, 
x4, 12, 15, X5, X6, 7, 1) 
(016, x1.9, ~2, ~31% 1% 3, 7, 14, 
4, xz,, ~5, 17, 16, xcir 1) 
(0, ~1, ~2, 16, 2, x3, ~4, xsr x6, 20, 
15, 17, 11, 8, 7, 19, 5, 18, 12, 10, 1) 
(0, 16, 11, 15, 9, 2, 1, x,, 10, 12, 6, 
X2, X3, X4, x5, 3, 5, 18, 4, X6r 19, 13) 
(0, 4, ~1, 10, 19, 18, ~2, 8, x3, 15, 
20, 6, 17, 1, 12, 9, x4, x5, 22, 21, 
x6, 14, ll) 
(0, 16, 26, x,, 20, 8, 23, 18, 4, 13, 
22, 5, 21, 15, 19, 14, 24, xl, 11, 
25, 12, 1, X3, X4, X5, x6! 9) 
(8,9, 10, 4, 1276) 
(1,3, 4, 11, 12, 14) 
(3,5, 8,9, 10, 16) 
(11, 12, 10,8, 5, 13) 
(3, 4,9, 13, 14,6) 
(14, 17, 7, 8, 20, 21) 
(2, 3, 5, 7, 13, 16) 
(2, 3,6, 7, 10, 17) 
(12, 8, 4, 10,6, 2) 
(13,9, 7, 816, 2) 
(13, 10, 8, 12, 11, 5) 
(10, 17,9, 15, 12,7) 
(3, 8, 18, 7, 17, 9) 
(4, 13, 20, 6, 16, 7) 
(9, 19, 22, 20, 14, 8) 
(14, 18, 1, 25, 22, 13) 
Theorem 3.8. An ICOILS(v, 6) exists for all Y 3 19. 
Proof. We shall remove all the possible exceptions from Theorem 2.8 for IZ = 6. 
In view of Lemma 3.7, we need only consider the cases XJ = 20, 21, 23, 24, 27, 28, 
29, 33. In each of these cases, the starter-adder technique is used and appropriate 
vectors are given in Table 4. 0 
For future reference, we summarize the results of Theorems 3.1, 3.2, 3.3, 3.6 
and 3.8 in the following theorem: 
Theorem 3.9. For 2 G n G 6, an ICOILS(u, n) exists if v 2 3n + 1, except possibly 
when (v, n) = (30,5) and when 
n = 2, v E { 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 23) 
n = 3, u E { 11, 18, 20, 21, 24, 25, 26, 28, 29, 30). 
4. A general bound 
We shall next proceed to establish an improvement of the bound given in 
Theorem 2.9. For this purpose, we adapt some notation and terminology as used 
in [4,9,20]. 
A (3,2, 1)-HCOLS(h;‘h;2. - -hz) is defined to be a (3,2,1)-COLS(v) from 
which ni sub-COLS(h,) are “missing” (16 i 6 k), and in which the latter 
subsquares are disjoint and spanning, that is; ClsiGk n,h, = U. The type T of the 
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HCOLS is h~‘h~*. . *hp. In particular, we shall use the fact that a (3,2, l)- 
COILS(v) is equivalent to a (3,2,1)-HCOLS(l”), and an ICOILS(n, n) is 
equivalent to a (3,2, l)-HCOLS(l”-‘5~‘). 
A weighting of a GDD(X, 6, IEI) is a mapping w :X+2+ U (0). For a 
GDD(X, G, B), w a weighting, and YE X, we let w(Y) denote the multiset 
{w(x) :x E Y}. We shall make use of the following lemma (see [4, Lemma 3.31). 
Lemma 4.1. Suppose that (X, 6, B) is a GDD and let w:X+Z+U{O} be a 
weighting. Suppose there exists a (3, 2, l)-HCOLS of type w(B) for every block 
B E B. Then there exists a (3, 2, l)-HCOLS of type {C,..o w(x) : G E G}. 
For a given n, let C, = {v: an ICOILS(v, n) exists}. Let N(m) denote the 
maximum number of MOLS of order m. 
Lemma 4.2. Let n, m, k, v be integers such that 7 s n s 4m, N(m) 2 10, 0 <k < 
2m, and v = 9m + n + k. Then the following hold: 
(i) vEC,ifm#12andk#3;and 
(ii) v E C,, if m # 11 and k = 3. 
Proof. In a TD T(12, 1; m), give every point weight 1 except those in the first 
three groups. For the first group, give s points weight 1 and the remaining points 
weight 0. For the second group, give t points weight 1 and the remaining points 
weight 0. If s + t = k f 3, we can choose s and t such that both COILS(s) and 
COILS(t) exist. For the third group, give every point weight 0, or 3, or 4 such 
that the total weight becomes n. When m f 12, we have the input designs of 
(3,2,1)-HCOLS(T) with type T = l”, l’h’ (r = 9, 10, 11, and h = 0, 3, 4). Then 
(i) follows directly from Lemma 4.1 on filling some of the holes. For the proof of 
(ii), take s = 0, and t = 3 as above, but let the total weight in the third group be 
n - 1. Before weighting, add a new point ~4 to every group of the TD, then give m 
weight 1. Now the total weight for the second group becomes 4 and that for the 
third group becomes n. The conclusion of (ii) then follows. 0 
Lemma 4.3. Let n, m, k, v be integers such that 7 6 n 6 4m, N(m) > 10, 0 s k G 
2mandv=9m+n+k. Then 
(i) v E C,, if m # 11, 12; and 
(ii) v~C,,if9m+n+4~v~llm+nandm=11. 
Proof. The proof is an immediate consequence of Lemma 4.2. 
It is fairly well-known (see, for example, [lo, 231) that there is an integer m 
among any ten consecutive positive integers such that N(m) 2 10. Therefore there 
is a series of positive integers as follows: 
M={mi:i=l,2,...} 
= (11, 13, 16, 17, 19,23,25, 27, 29, 31, 32, 37, 41,43, 47, . . .} 
such that N(mi) 2 10 and mi+l - mi =Z 10. 0 
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We are now in a position to prove the second of our main results. 
Theorem 4.4. For any integer n 2 1, an ZCOZLS(v, n) exists if v 3 (13/4)n + 88. 
Proof. For any fixed n 2 45, there exists an i 2 1 such that 
4mj <n G 4i?lj+r. (1) 
For any jai+1 and isl, we have mi Sm,+l 2 13. Using Lemma 4.3(i), we 
know that v E C,, where 
9mj+n~v~llmj+n (2) 
and 7 <n c 4mi. Let tj = mj+l - mj. Since 1 s ti G 10, it is easy to see that 
9mj+l. <llmj+ 1 (3) 
if mi > 45. For 13 G mi < 45, simple calculation shows that (3) holds too. Using 
(2) and (3) recursively, we know that, for i 2 1, 
v E c, whenever v 2 9mi+I + n. (4) 
On the other hand, (1) implies that 
%+I - n < 4(mi+I - mi) S 40 
and that 
$(n + 39) + n 2 9mi+l+ n. 
Therefore, v 3 (13/4)n + 88 implies from (4) that v E C,,. 
For 7 G n G 44, we have from Lemma 4.3 that v E C,, if v and n satisfy the 
following condition: 
103 + n =z v =z 121+ n. 
or 
9m,+nGvGllm,+n foria2. 
Thus v E C,, if v 2 103 + n. Since (13/4)n + 88 2 103 + n for 7 <n < 44, we have 
vEC,ifv~(13/4)n+88and7<n~44. 
Finally, for 1 G n S 6, the conclusion follows directly from Theorem 2.9. This 
completes the proof of the theorem. •i 
Since the existence of (3,2,1)-COLS(v) is equivalent to the existence of 
(1,3,2)-COLS(v), we have the following two corollaries to Theorems 3.9 and 
4.4. 
Corollary 4.5. For 2 G n s 6, a (1, 3, 2)-ZCOZLS(v, n) exists if v 2 3n + 1, except 
possibly when (v, n) = (30, 5) and when 
n = 2, v E (11, 12, 13, 14,‘15, 16, 17, 19, 20, 21, 23}, 
n = 3, v E { 11, 18, 20, 21, 24, 25, 26, 28, 29, 30). 
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Corollary 4.6. For any integer n 2 1, a (1, 3, 2)-ZCOZLS(v, n) exists if v 2 
(13/4)n + 88. 
5. Concludiug remarks 
Establishing the existence of ICOILS( v, n) for small values of v and n has had 
a dramatic effect in obtaining the general bound in Theorem 4.4, which is very 
close to the necessary condition v 2 3n + 1. It is hoped that the possible 
exceptions listed in Theorem 3.9 can be eliminated. The existence of (3,1,2) (or 
(2,3,1))-ICOILS( v, n) has recently been investigated by the authors [2] with a 
result similar to that obtained in Theorem 4.4. 
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